An experiment in which the Clauser-Horne-Shimony-Holt inequality is maximally violated is selftesting (i.e., it certifies in a device-independent way both the state and the measurements). We prove that an experiment maximally violating Gisin's elegant Bell inequality is not similarly selftesting. The reason can be traced back to the problem of distinguishing an operator from its complex conjugate. We provide a complete and explicit characterization of all scenarios in which the elegant Bell inequality is maximally violated. This enables us to see exactly how the problem plays out.
I. INTRODUCTION
Bell inequalities are correlation inequalities which are satisfied by any local realistic model but can be violated by quantum theory [1] . They thus allow us to test the former against the latter. They are also useful in practical applications like secure communication [2] , reduction of communication complexity [3] , and secure private randomness [4] . For such applications, the self-testing properties of some Bell inequalities play a major role, as they allow a maximal quantum violation to occur in an effectively unique way. In the current paper we investigate the self-testing properties implied by a maximal violation of the so-called elegant Bell inequality (EBI).
The EBI involves two parties, Alice and Bob, measuring three and four dichotomic observables, respectively. If the possible outcomes of these observables are taken to be −1 and +1, and we write E kl for the expectation value of the product of the outcomes of Alice's kth observable and Bob's lth observable, the EBI reads S ≡ E 11 + E 12 − E 13 − E 14 + E 21 − E 22 + E 23 − E 24 + E 31 − E 32 − E 33 + E 34 ≤ 6.
The EBI does not define a facet of the classical correlation polytope and, therefore, it does not reflect the geometry of the latter. Rather, according to Gisin [5] , its elegance resides in the way it is maximally violated by quantum theory.
The maximum violation, proven to be S = 4 √ 3 by Acín et al. [6] , occurs when Alice and Bob use projective measurements whose eigenstates are maximally spread out on Bloch spheres, in a sense made precise below. In the particular case when they share a two-qubit state, Alice's measurement eigenstates form a complete set of three mutually unbiased bases (MUBs), while those of Bob are eight states that can * ole.andersson@fysik.su.se † piotr.badziag@gmail.com ‡ ingemar.bengtsson@fysik.su.se § irina.dumitru@fysik.su.se ¶ adan@us.es be partitioned into two dual sets of SIC elements, see Fig. 1 . SICs are also known as symmetric informationally complete positive operator-valued measures (SIC-POVMs). However, here the configuration arises from four projective measurements and not from two POVMs. Since MUBs (and SICs) are intriguing configurations of independent interest [7] , we can ask the question: does maximum quantum violation of the EBI require the existence of three MUBs in dimension two, with no assumptions about the preparation and measurement devices being made? There is another motivation of more immediate practical relevance. Recently, Acín et al. [6] addressed the problem of how to use a two-qubit entangled state together with a local POVM measurement to certify the generation of two bits of device-independent private randomness. They provided two methods for such a certification. The simplest one was based on the EBI, and was supported by numerical results. They suggested that an analytical proof of the correctness of the method should rely on a proof that a maximal violation of the EBI self-tests the maximally entangled state and the three Pauli measurements that give rise to the MUB.
In this paper we will prove that the EBI does not provide a self-test for the maximally entangled state and the three Pauli measurements, in the strict sense of Refs. [8, 9] . It comes close to doing so though and we discuss the implications for the method suggested by Acín et al. in a separate paper [10] . In Sec. II of this paper we review the strict definition of self-testing. In Sec. III we discuss, following Refs. [6, 11] , maximal violation of the EBI. Section IV contains our main results on the self-testing properties of the EBI. To make the paper easier to read some of the detailed derivations are given in Sec. V. Finally, Sec. VI states our conclusions and the outlook.
II. SELF-TESTING EXPERIMENTS
The concept of self-testing was introduced by Mayers and Yao [12] as a test for a photon source which, if passed, guarantees that the source is adequate for the security of the BB84 protocol for quantum key distribution. Self-testing then received a stringent definition by the same authors in arXiv:1706.02130v2 [quant-ph] 5 Oct 2017
Ref. [13] , a definition which was further polished by Magniez et al. [14] and McKague and Mosca [8, 9] . In this paper we adopt the definition of self-testing used in these latter references.
The definition of being self-testing consists of a condensed description of how a reference experiment can be modified without affecting the statistics. Allowed modifications include local rotations, addition of ancillas, changes of the effect of observables outside the support of the state, and local embeddings of states and observables into greater or smaller Hilbert spaces [8, 9] . Here we give the definition at a level of generality sufficient for our purposes. We thus consider a reference experiment involving two parties, Alice and Bob, performing m and n local dichotomic measure- 
for all k, l, implies the existence of a local unitary, or, more precisely, a local isometric embedding
± |φ , where |χ is some arbitrary but normalized 'junk' vector in H A ⊗ H B . (Here we use vocabulary introduced in Refs. [8, 9] .) Notice that the definition of self-testing captures, although in a rather abstract way, the physical intuition that the state generation includes a successful isolation of a 'relevant part' of the total state. On this part, the measurements then act in a way stipulated by the reference experiment without entangling it with the rest of the state. We emphasize this by saying, for short, that the experiment is effectively equivalent to the reference experiment.
III. MAXIMAL VIOLATION OF THE EBI
The elegant Bell inequality can be violated in quantum theory. In fact, Acín et al. [6] have recently proven that the maximum quantum value that S can attain is 4 √ 3. The simplest setting when this happens, it turns out, is when Alice and Bob share two qubits in the maximally entangled state
Alice's observables correspond to the three Pauli operators and Bob's observables correspond to
The elegance of the Bell inequality (1) is apparent [5] when we observe that the observables in Eqs. (5) and (6) give rise to two measurement structures which can be represented by two dual polyhedra in the Bloch ball: Alice's measurement eigenstates form a complete set of three MUBs, with each basis corresponding to a pair of opposite corners of an octahedron inscribed in the Bloch sphere, see Fig. 1a . On the Bloch sphere, the eight eigenstates of Bob's projective measurements form the vertices of a dual cube, see Fig. 1b . They can be grouped into two tetrahedra containing no adjacent corners. The vertices of such a tetrahedron can be regarded as the four vectors in a SIC, and we can arrange them such that one SIC is formed by the −1 outcome projectors and the other by the +1 outcome projectors. Below we will show that, in general, the EBI is maximally violated if, and only if, the state is a superposition of maximally entangled qubit states like the one in Eq. (4) and Alice's and Bob's observables split into direct sums of qubit MUB-SIC configurations similar to that just described.
To characterize all scenarios in which the EBI is maximally violated we consider a general one in which Alice measures three dichotomic observables A 1 , A 2 , A 3 and Bob measures four dichotomic observables B 1 , B 2 , B 3 , B 4 , all of which take the values −1 or +1, on a bipartite system in a state |ψ such that ψ|Σ|ψ = 4 √ 3, where Σ is the elegant Bell operator:
The first assertion, which, like all other assertions in this section, is proven in Sec. V, is that Alice's and Bob's observables preserve the supports, even the eigenspaces, of 
Notice the indefinite sign of A ip 3 ; a similar sign indeterminacy was identified in [8] , treating a related problem.
The third assertion is that every H i B can as well be decomposed into 2-dimensional orthogonal subspaces, each of which is left invariant by Bob's observables:
Moreover, H 
The fourth and last assertion concerns the state. The bases {|0 
Notice that |φ We end this section with some remarks about mixed states and general measurements violating the EBI maximally. If Alice and Bob share a mixed state which can be expanded as an incoherent sum of pure states, each of which individually maximally violates the EBI, then so does the mixed state.
A straightforward convexity argument then shows that this is the only possibility for a mixed state violating the EBI maximally. One can also ask if the EBI can be maximally violated by nonprojective measurements. It turns out that this is not possible. More precisely, if Alice and Bob measures local dichotomic POVMs and the EBI is maximally violated, then the measurement operators preserve the supports of the local states, and when restricted to these supports the measurements are projective. A proof of this can be based on Naimark's dilation theorem (see, e.g., [15] ) and the arguments in the second paragraph in Sec. V below.
IV. SELF-TESTING PROPERTIES OF THE EBI
By the previous section, Alice's observables split into an unknown number of 2-dimensional su(2) representations and an unknown number of 'transposed' su(2) representations. The statistics, however, is independent of these numbers, since the statistics equals that of the experiment specified by Eqs. (4)- (6) , from now on referred to as 'the reference experiment'. The reference experiment is therefore not self-testing, and neither is any other experiment in which only a maximal violation of the EBI is assumed. For if a local isometric embedding Φ exists, establishing an effective equivalence between the reference experiment and the generic experiment in Sec. III, then
But φ + |a 2 a 3 (b 1 + b 2 )|φ + = 2i/ √ 3 and
The results agree if and only if r i = n i for all i. (Remember that 2n i is the multiplicity of the Schmidt coefficient λ i .) But, because the values of the differences n i − r i are not determinable from the statistics of the experiment, this shows that a maximal violation of the EBI is not sufficient to conclude that the reference experiment is self-testing. On the other hand, if we require that Eq. (13) is satisfied, in addition to a maximal violation of the EBI, the reference experiment is self-testing; an equivalence is provided by the local isometric embedding Φ given by the circuit [16] used it to show that the standard scenario in which the ClauserHorne-Shimony-Holt (CHSH) Bell inequality is maximally violated is robustly self-testing. Recently, a more universal form of this isometric embedding was used to prove that all pure bipartite entangled states can be self-tested [17] . Straightforward calculations show that
where Π 
The last identity in Eq. (16) defines the junk vector |χ . If Eq. (13) is not satisfied, the junk vector naturally splits into two parts, |χ = |χ 1 + |χ 2 , defined by
Equation (16) is then no longer valid. Instead we have that
Using these identities one can show that a measurement of Alice's third observable, or a measurement of any of Bob's observables, entangles the singlet part of the state with the junk part. But, interestingly, even though an adversary, Eve, having access only to the junk part, can detect a measurement of A 3 or any of the B l s, she cannot distinguish between the outcomes. This is so because, irrespective of the measurement outcome, all these measurements leave Eve's system in the same state.
V. DERIVATIONS
In this section we prove the assertions in Sec. III. Inspiration comes mainly from Acín et al.'s derivation of the least quantum bound for the EBI [6] and from Popescu and Rohrlich's characterization of the scenarios in which the CHSH Bell inequality is maximally violated [11] .
First we prove that Alice's and Bob's observables preserve the supports of the marginal states. Thus let |ψ be a state saturating the EBI and let |ψ = Next we prove that Alice's and Bob's observables preserve the eigenspaces of the marginal states. From Eq. (21) follows that for any two pairs of indices (i 1 , p 1 ) and (i 2 , p 2 ),
This, in turn, implies that 
Equation (25) 
Each diagonal element ω p equals +1 or −1 because A i 3 is an involution. We choose U such that ω p = +1 for p ≤ r i and ω p = −1 for p > r i , where r i is the number of positive diagonal elements. We then rotate the provisional basis by applying U † ⊗ 1 to it and rotate the H ip A s accordingly. Next we consider Bob's observables. These are completely determined by Alice's observables. To see this, define 
This proves Eq. (11) .
The assertion about the state is a straightforward consequence of the calculation
If we define
then |ψ takes the form in Eq. (12).
VI. CONCLUDING REMARKS
We have shown that maximal violation of the EBI, by itself, does not certify self-testability; additional requirements need to be met. The extra requirement that Eq. (13) should also be satisfied makes the experiment self-testing. That a maximal violation of the EBI does not lead to self-testability is because transposition of some of the components of Alice's observables does not affect the statistics but leads to an inequivalent experiment. Similar issues have been pointed out by other authors, see, e.g., Refs. [8, 18] , and it has been suggested that the definition of self-testing should be relaxed "to include this transposition equivalence" [19] . Then the results in this paper have to be taken into account since in such a relaxation we may be losing physically relevant information, as Eq. (14) shows. Alternative approaches to self-testing based on quantification of incompatibility of measurements have been proposed [18, 20] .
In addition, we have completely and explicitly characterized the scenarios in which the EBI is maximally violated. For a pair of qubits, maximal violation requires measurements corresponding to mutually unbiased bases on the Bloch sphere on one side and to measurements along the diagonals of a dual cube (inscribed in the Bloch sphere) on the other. The general case is a superposition of that for the pair of qubits.
In many applications, Bell inequalities are used to guarantee that quantum mechanical systems exhibit desired properties. The present paper provides information about the EBI which is potentially useful in any situation where a maximal violation of the EBI is used as such a resource. Examples include a construction for device-independent generation of private randomness proposed by Acín et al. [6] . We discuss this construction in a companion paper [10] .
